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The paper presents an analytical study of a laminar decelerating liquid film falling along 
a vertical plate. Approximate solutions are obtained for the boundary layer within the film, 
film thickness, entrance length, and minimum wetting rate. It is shown that the analysis 
may be extended also to a film flowing over a horizontal cylinder. The theory is in reasonable 
agreement with the parametric trends observed in experiments on horizontal cylinders. 
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In t roduct ion  

The conditions under which a thin liquid film, driven along a 
solid surface by gravity or by shear stresses, breaks down into 
a series of rivulets, leaving dry patches on the solid surface, are 
of great importance in a number of technical applications. It 
is known that there is a minimum film thickness, and thus a 
minimum wetting rate, for a continuous film to be stable. The 
minimum film thickness depends on the shear stress, wall heat 
flux, contact angle, and physical properties. The problem of 
minimum film thickness has been studied by numerous authors. 
Generally, three different ways have been followed. 

One approach to the formation of dry patches on the wall 
is via a stability method I which imposes a small disturbance 
on the laminar steady flow of a liquid film. The solution yields 
conditions for the growth of small disturbances leading in 
consequence to a breakdown of the film. However, the stability 
studies all conclude that a film becomes more unstable as the 
flow rate increases. On the other hand, experimental studies 
have shown that the film breaks clown only when the film flow 
rate is below a certain value. 

Another approach is using a rivulet model incorporating a 
minimum energy requirement. 2.3 A transition from film flow 
to rivulets occurs when the energy per unit width is the same 
for both the film and the rivulets. An additional condition is 
required for the system to be stable if the total energy takes 
a local minimum with respect to the rivulet spacing. 

A third approach to the breakdown of thin films considers 
the stability of a dry patch and is based on the equilibrium of 
forces acting at the upstream stagnation point of the dry 
patch. 4'5 The force balance involves the inertial force due to 
the bringing of the upstream liquid to rest and the surface 
tension force due to a nonzero contact angle 

f~ f dy = ~r(1-cos 0) (1) pu 2 

Solution of the equation depends on the velocity profile u(y). 
Assuming a laminar and developed film flow caused by the 
gravity force only, the velocity profile is given by the well-known 
formula 

U = ~ (2y~f-- y 2) (2) 

Thus the mass flow rate per unit width of the film, i.e., the 

wetting rate, is 

F=p u dy= 3/~ (3) 

The minimum film thickness is evaluated by substitution of 
Equation 2 into Equation I: 

(15'~ r -co, oq,,,(,?,, 
fifm = ~,2}I/SLa(1 p -j \ ~ /  (4) 

Using Equation 3 the minimum wetting rate is obtained as 

0)] 3/s /~? 1/s l"m = 1.1161"a(l--cos ( g )  (5) 

It may be shown 6 that this very simple model gives the minimum 
film thickness only about 10% greater than the second one 
based on the principle of minimum energy. Therefore, the last 
model will be applied in the further analysis, as more convenient 
in use. 

The film breakdown theories briefly discussed above concern 
the fully developed film flow. Such flow requires a hydrodynamic 
entrance section, i.e., a section which allows the flow to attain 
the above specified conditions. When one considers the flow 
over a surface with the entrance length small compared to the 
total surface length, then the entrance effect may be neglected. 
In other cases the effect should be taken into account. An 
example of the latter is the film flow over a bundle of hori- 
zontal tubes, which occurs in many engineering apparatus, like 
condensers, cascade or evaporative coolers. 

The problem considered in the present paper concerns flow 
of a film falling over the leading edge of a vertical surface, when 
the entrance effect is significant. An analysis is carried out to 
obtain the entrance length, the thicknesses of the boundary 
layer within the film and of the film, and also the minimum 
wetting rate. 

Since the film breakdown analysis in the entrance region will 
be carried out via the force balance model, 4,s commonly used 
for the developed flow, then the results of it will suffer the same 
limitations as the original model does. 

One of them is a difficulty in predicting the contact angle, 
since measurements of it under film breakdown conditions are 
not available. It is therefore generally estimated, 3.4 as the one 
required in the theory, in order to reproduce the experimental 
data. 
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Flow situation in the entrance region 

None of the existing film breakdown theories describes satis- 
factorily the effect of a wave motion in the film on its stability. 
On the other hand, experimental data 7 indicate that a very 
disturbed film breaks down more easily than the undisturbed 
one. The difference in the minimum wetting rates for both cases 
may even reach two orders of magnitude. 

A n a l y s i s  

A falling liquid film emerging from a slit or some other device 
and flowing over a vertical surface is considered here, as 
depicted in Figure 1. It is assumed that the flow is laminar, the 

N o t a t i o n  

d Tube diameter 
Fi Inertial force 
g Gravitational acceleration 
h Distance from a slit 
l Length scale, Equation 22 
t Temperature 
q Volume flow rate per unit width 
Re Reynolds number, Re = 41"/# 
Uo Film velocity at x = 0 
U6 Film velocity at y = 6 
Uf Film velocity at y = 6f 
fir Mean film velocity 
u, v Velocities in x, y direction 
x, y Rectangular coordinates 
xe Entrance length 
X Longitudinal coordinate in Figure 1 
X + Dimensionless coordinate, Equation 40 
W Head of liquid above plate, ( h +  U~L/20) I/2 

Inclination angle of plate 
6 Boundary layer thickness 
6 + Dimensionless boundary layer thickness, 6 + = 6 / l  
~f Film thickness 

free surface is waveless, and the shear stress at the gas-liquid 
interface is negligible. The f'flm is considered to have initially 
the thickness 6re and a uniform velocity Uo. 

For the above conditions one may distinguish two charac- 
teristic cases. Depending on the initial thickness, Figure 1, the 
film decelerates or accelerates to the limiting parabolic Nusselt 
velocity profile, as given by Equation 2. The former case is 
more important in a stability analysis since the thinner fdm is 
more vulnerable to breakdown. Generally, for both cases there 
are four regions of a flow domain: I--Inviscid region; I I - -  
boundary layer region; III--transition region; IV--fully devel- 
oped flow region. The hydrodynamic entrance length comprises 
the second and third regions. 

Inv isc id  region 

In the first region the flow is inviscid and the velocity may be 
described by free-fall equations 
U o ~- (U~l + 2oh) t/2 = ( 2 o W )  U2 (6) 

at the leading edge and 

U , ( x )  = [20(W+ x)] 1/2 (6a) 

at the edge of the boundary layer. 

Ful ly  deve loped f l ow  region 

For the fully developed flow region the velocity profile is 
described by Equation 2. Hence the pertinent parameters may 
be obtained as follows: 

the mean film velocity: 

1 ;~fs u 6f 2, (7) flf = - -  Pg 
6f~ _ ~ d y  = 

the volume flow rate per unit width: 

- Pg q=u,6,, = =  #, (8) 

6f + Dimensionless film thickness, 6f + = 6r/l 
A Dimensionless film thickness, Equation 40 
F Mass flow rate per unit width, F = p q  
# Dynamic viscosity 
p Density 
a Surface tension 
0 Contact angle 
z Shear stress 

Dimensionless coordinate, ~ = 1 + x / W  

S u b s c r i p t s  

ef Effective 
f Film 
G Value at point G in Figure 1 
h Horizontal 
m Minimum 
0 Initial 
S Value at point S in Figure 1 
sl Value at slit 
x x direction 
w Wall 
5 At boundary layer edge 

At infinity 
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the film thickness: 

\ Pgl 
(9) 

Boundary  layer region 

For standard boundary layer approximations for an incom- 
pressible fluid and neglecting pressure gradients, the governing 
equations of momentum and continuity take the form 

du du /z 62u 
u--+v--=g--- - :  (10) 

t~x t~y p 6y z 

Ou+O°---0 ( 1 1 )  
~x Oy 

with boundary conditions 

U=Uo=(2gW) 1/2, u=0, a tx - -0  (12) 

~U T w 
v = 0 ,  - a t  y = 0  ( 1 3 )  

~U=o u=U6(x), v=v6, at y=6 (14) 8y 
To solve the problem, Equation 10 is integrated with respect to 
y over the boundary layer thickness, and the velocity component 
v(x, y) is eliminated from the resulting equation by means of 
the continuity equation. Since the flow outside the boundary 
layer is inviscid, the velocity U6(x) comes from the Euler 
equation 

dUD(x) g 
- -  - - -  ( 1 5 )  

dx U6(x) 
Therefore, the momentum integral equation is obtained as 

d f'tX) u(U6_u)dy+dy 6 f'tX'(U6_u) dy=ZW (16) 
dxJo ax do P 

To solve Equation 16 for the boundary layer thickness 6(x), 
one must assume the velocity profile within the boundary layer. 
For the case considered, the liquid film decelerates reaching 
the limiting parabolic velocity profile. It is therefore anticipated 
that a similar parabolic profile is arrived at very rapidly also 
within the boundary layer and remains "similar" throughout 
the flow field. This assumption is confirmed by the results of 
Stiicheli and Ozisik. s With these considerations a velocity 
profile in the form 

u (17) 
U6(x) \6) \6/  
is chosen. Then the integrals and the wall shear stress term in 
Equation 16 become 

d f'~x)u(U6-u)dy = 2  ~--~ (6U 2) (18) 

dU~ -I a(x) (U6-u) dy= 3xg6 (19) 
dx Jo 

Ou] 2# 
z'~=# dYY,=o = T  U, (20) 

Substitution of Equations 18, 19, 20 into Equation 16 gives the 
differential equation for the.boundary layer thickness: 

d6 1 (301~[2g(W+ x)] 1/2 ) 
dx-4g(W+ x) \ -~ g°~ (21) 
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Introducing a characteristic length defined as 

1 (U°#'~ '/2 
= \ - ~ - /  (22) 

a dimensionless boundary layer thickness 6 + =6/1, and a 
dimensionless coordinate ¢ = 1 + x/W, we obtain the dimension- 
less differential equation 

d6 + g6 + 30 
- -  ~ - - -  - -  ( 2 3 )  
d~ 4¢ 4~1/26+ 

subject to the boundary condition 6 + =0 at ~ = 1. The solution 
of Equation 23 is the boundary layer thickness 

6 + = F 3(~5-1)11/2 (24) 

L ¢~/~ J 
The film thickness 6r(X) may be evaluated using the continuity 

equation in the form 

f ~(x) U dy.-F U~(x)[6f(x)-6(x)'] = Uo6f0 (25) 

Using Equations 6 to 14, we write the equation for the liquid 
film thickness in the form 

6f'O 64- 
6: = ~iTi + - f  (26) 

The boundary layer region terminates at a point where the film 
thickness 6f(x) and the boundary layer thickness 6(x) coincide 
(point G in Figure 1). Then according to Equation 26 the film 
thickness becomes 

36~ 
6f+G = ~ (27) 

2~/' 
The distance required for the film to reach the point G may be 
obtained by comparing Equation 24 and Equation 27: 

°=L J (28) 

As can be seen, it is only the function of the initial film thickness 
6f~. The above equation was solved by the Newton method. 
The result is shown in Figure 2. By the method of least squares 
the distance ~G may be approximated also by the relation 

~ -  1 = 0.216f~ T M  (29) 

2 /~ 

0 [ ,  , , , ~ , , , , ~ ,  , 
~o 

Figure 2 Dimensionless entrance lengths as functions of the initial 
film thickness 
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with the coefficient of determination r 2 =0.99 in the range of 
6f~ from 0.1 to 2. 

Transition region 

The transition region is that region of the flow field in which 
the film thickness and the boundary layer thickness coincide, 
but the film thickness differs from its terminal value as given 
by Equation 2. The momentum integral equation, Equation 
16, may be now rearranged to a more convenient form 

d_ I'f(x) d /"f(x) ~w 
U 2 dy-- Uf | U dy = g6f  (30) 

dx Jo Jo P 

In view of the continuity equation, Equation 25, the second 
term in Equation 30 vanishes. Thus the equation becomes 

d I~'(~) Zw 
dxJo u 2 d y - g t f =  P (31) 

The velocity profile is, as previously, assumed to be similar and 
parabolic, as given by Equation 17, with the exception that the 
surface velocity Uf is not given a priori, but has to be evaluated. 
The mean film velocity may be obtained with the aid of 
Equation 17 by exchanging Uf with U~: 

_ 1 ~'6~) 
u,=-trJo udy--IUf (32) 

Since the volume flow rate is given by 

q =Uftf  = 32Uftf (33) 

it follows that 

3q 
Uf-  (34) 

26f 

dUf 3q d6f 
- (35) 

dx 262 dx 

and the respective terms of Equation 30 become 

d f'f(X)U 2 dy=4 q dV, 
dx Jo 5 dx (36) 

¢~yU y = o - 2flUf (37) 
Tw = ~ 6f 

With the use of Equations 34 to 37 the differential equation 

dx 6q 2 

is obtained describing the film thickness within the transition 
region. For the limiting case of d6f/dx-, 0 the film thickness 
becomes 

/ 3#q \  t/3 
6 f ~ = L ~ -  ) (39) 

This is in agreement with the solution for the fully developed 
region, as given by Equation 9. Rewriting Equation 38 in terms 
of the dimensionless film thickness A and the dimensionless 
coordinate X + (Figure 1), 

A=tfpq,  X+ - X# (40) 
3#q 6fGpq 

gives the dimensionless differential equation 

dA 
-- AA2/3(1 - A )  (41) 

dX + 

with boundary condition A = Ao at X + = 0. Here 

A = 7.5A~/3 and Ao = 6fGp----" g (42) 
3pq 

The solution of Equation 41 is 

1 f l  [ - I+At/a+A 2/3/1-A~/3\ 2-] 

x+   lnkl +Ao"'+Ao'" J 
2A 1/3 + 11 

- -  - - C (43)  +x/~ tan-~ x/~ 

where 

C =~--~- tan- t 
2A~/3 + 1 

A 

It can be seen that the film teaches the limiting value A = 1 at 
X +- ,  oo. However, one can define the dimensionless length 
X + of the transient region, as to extend up to a location where s 
A is within 1% of its limiting value. With this assumption the 
length Xs + is given by 

3 * - 1 {~ In [1 + A~13 + A~13 (1-A~IY~21+ 1.812"~- C (44) Xs - ~  
\ 0.0034 / j j 

and, according to Equation 40, 

X s = X ;  6fo Pq (45) 

It is evident that the length of the transition region depends 
only on the initial film thickness 6f'~, since both Ao and 6re 
depend on it alone. 

Entrance length 

The hydrodynamic 
the boundary layer region and the transition region 

xe=xG+ Xs 

or, in dimensionless form, 

x= Xs 
~= = 1 + - -  = Ca + - -  (47) 

W W 

The entrance length was calculated with the aid of Equations 
28, 44 to 47 and is presented in Figure 2. It is convenient for 
the subsequent analysis to have an analytical form of Equation 
47. Using the method of least squares leads to 

~c-  1 = 1.556~0 (48) 

or 

x= = 1.55W6f~ (49) 

with the coefficient of determination r 2 = 0.92 in the range of 6~ 
from 0.1 to 2. The entrance length may also be expressed in 
terms of the Reynolds number, Re--4F/#, 

x=-- 1.55 Wq--0.195/Re (50) 
tu0 

The laminar flow of the failing film is thought to exist over 
the Reynolds number range from 0 to 2000. 9 

It may be shown that result is related approximately to the 
range of the initial film thickness 6~o <2, if the head Wis smaller 
than 5 x 10 -2 m. 

entrance length is the sum of the lengths of  

( 4 6 )  
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Figure 3 Comparison of experimental and theoretical minimum 
wett ing rates 

M i n i m u m  w e t t i n g  r a t e  

In the case of a decelerating liquid film falling over a vertical 
surface, the kinetic energy diminishes reaching its minimum 
value at the end of the entrance region, point S in Figure 1. 
The inertial force brought about by the loss in the downward 
momentum flux at the apex of the dry patch is equal to 

Fi=P f~f u 2 dY=ze~spU26f (51) 

if the velocity profile has the form of Equation 17. Making use 
of Equation 34, the inertial force at the point S may be written as 

Fi - 6pq2 (52) 
56rs 

According to the "force model" of the film breakdown theories, 
this force has to be balanced by the surface tension 

6pq  
- -  =*(1 --cos 0) (53) 5a~ 
Hence 

q2 m -  5~(1 - cos O)trs : (54) 
6p 

The film thickness should be associated with the flow parameters 
in the entrance region. Making use of Equation 50 leads to 

2#x= 
q = -  (55) 

1.551p 

and according to Equation 7 and Equation 8, the mean film 
velocity may be expressed in terms of the volume flow rate: 

ur=qX/s(OO~ ,Is (56) 
\ 3 p )  
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Then 

6f s q ,  2#x= 
~f 1.55plq2/S(pg/3p)ua (57) 

Substitution of Equation 57 into Equation 54 gives 

qSm/3=. ^ . .  au [3p'~ 1/3 
' 0)x. (58) 

After some manipulations the minimum wetting rate may be 
written as 

E - - I "[-10"125pt°/~t° - c o s  O)Xe]12] 1/32 °-'q°-°'L [o(1 (59) 
. J  

A scrutiny of this result reveals that for a given liquid the 
minimum wetting rate is a strong function of the contact angle 
and the entrance length. Surprisingly, the influence of two other 
parameters, W and g, is much less pronounced, particularly the 
influence of the acceleration of gravity. The last conclusion is 
very important, since it allows the extension of the analysis to 
other configurations of laminar film flow, where slope is varying 
in the uniform gravity field. A film flow over a horizontal 
cylinder is an example. 

The minimum wetting rate for the inclined plate is easily 
obtained from Equation 59 by replacing the gravity g by its 
component gx = g sin ~ acting along the plate. The slope of a 
horizontal cylindrical surface changes in the range 0 ~< • ~< ~/2. 
Therefore the minimum wetting rate for this surface may, in 
general, be written as 

1 03F 10.125p I o/z 10 O)Xj 12] 1 / 32 
Fmh= " L ~  [o'(1-COS (6O) 

-J 
where ¢=f is the effective angle of inclination. It is calculated by 
making use of the mean value theorem. Thus 

(~y/32 21"2 d~ 
sin,=f/ -~z.10 (sin,)t/a2 (61) 

and by numerical integration one finds xa = 39.5°. Hence the 
ratio of the minimum wetting rate for the horizontal cylinder 
and the vertical plate is 

Fmh 1 
F= - (sin ==f)1/32 - 1.0142 (62) 

It can be seen that the difference in I'= for both configurations 
is small and may be neglected in a further analysis. 

C o m p a r i s o n  w i t h  e x p e r i m e n t s  

There is no record in the open literature of any attempt to find 
analytically the minimum wetting rate in the entrance region. 
On the other hand, experimental investigations of film break- 
down on horizontal tubes have been conducted and the results 
reported. Synowiec ~° has carried out the measurements of the 
minimum wetting rate on a tube bundle. Five horizontal tubes, 
imitating a cascade cooler, were arranged in the vertical column. 
Water as the test fluid was fed to a spray tube at the top of 
the bundle. Water from inside the spray tube flowed out through 
a series of holes and fell down onto the first tube, flowing around 
its circumference dropping onto the tube below. 

The minimum wetting rate was examined in a range of the 
outside tube diameter from 32 to 95 mm, water temperatures 
from 10 to 15°C, and tube spacing from 0.3 to 60 mm. The 
experimental results of the minimum wetting rate for six 
different tube materials are presented in Figure 3. Synowiec t° 
drew the following conclusions from his results: 
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1. The tube spacing has a negligible effect on the minimum 
wetting rate. 

2. Wettability of the surface and the tube diameter play the 
dominant role. The influence of the first parameter, commonly 
expressed through the value of the contact angle, was shown 
by grouping the materials used into groups a, b, and c 
according to their wcttability. For steel, representing the 
material of medium wettability, Synowiec has proposed a 
correlation 

Fm _ 3 0 (  d ~ °'3734 
k g / m h -  \ r a m /  (63) 

which is in agreement with experimental data to within 
+ 25 %. 

3. For the materials of groups b and c, the value of Fm should 
be increased or decreased by 25%, respectively, as compared 
with Equation 63. 

A comparison between the Synowiec ~° results and those of 
the present analysis may be carried out with the aid of Equation 
59. Evaluating the physical properties at a water temperature 
of t=  15°C, assuming an average water head W=25.4 mm (1 
inch) and tube diameter d equal to the entrance length x=, one 
gets from Equation 59 

Fm 
150[(1 - c o s  - -  (64) 

kg/mh _ \ m m / j  

As is seen, a good qualitative agreement with respect to the 
exponents and the parameters involved in both formulas has 
been obtained. However, a quantitative comparison is not 
possible. The main reason for it is the lack of information about 
the contact angle, which was not measured in the experiments 
discussed. This is also a serious problem for all existing film 
breakdown theories concerning developed flow. There are a 
few data available on the contact angle under flow conditions, 
but only for the rivulets. ~L*2 The contact angle is a complex 
and unknown function of surface and fluid properties and also 
of flow conditions. It is therefore treated generally as an 
adjustable constant in the models, in order to fit experimental 
data. 3'4 The same procedure is adopted in this paper. Assuming 
for the materals of the groups b, a, c in Figure 3 the values of 
the contact angle equal to 12 °, 10 °, and 7 °, respectively, one gets 
from Equation 64 

Fm - 3 5 9 (  d ~ 0'375 
kg/mh ' \~mm/ for b 

Fm --30(  d ~ °'375 
kg/mh \~mm/ for a (65) 

Urn _ 2 3 5 (  d ~ °'375 
kg/mh " \mmm/ for c 

For a contact angle of 10 ° there is excellent agreement between 
Equation 65 and the Synowiec correlation, Equation 63. The 
data of Towell and Rathfeld ~* indicate the value of the contact 
angle from 4.5 ° to 12 ° for water flowing over a glass plate. 

The experimental data of Ganic and Roppo ~z concern the 
film breakdown on a heated horizontal tube, caused by the 
thermal effect, i.e., the applied heat flux. It is therefore quite a 
different case than that considered here. However, it is interesting 
to mention that also in that case the tube spacing plays a small 
role. 

C o n c l u s i o n s  

The theoretical analysis presented, demonstrates that the mini- 
mum wetting rate for a decelerating liquid fdm falling over a 
surface is primarily a function of the surface size and the contact 
angle. The theoretical results are in quite reasonable agreement 
with data obtained for a bundle of horizontal tubes. 
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